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1. Introduction
We investigate the Hardy spaceH2χ (B) of complex analytic functions on the open Hilbertian ball B. By definition,H
2
χ (B)
is associated with a left-invariant Haar measure χ on a given locally compact topological group G , acting irreducibly and
unitarily on the corresponding complex Hilbert space H (generally, infinite dimensional). It is supposed that a unitary
representation of G contains a cyclic subgroup T = {eiϑ :ϑ ∈ [0, 2pi)}. For functions f of the class H2χ (B) we establish
the Cauchy type integral formula
f (ξ) =
∫
G
C(ξ , x)f (x)dχ(x), ξ ∈ B,
which for corresponding functions f ∈ L2χ , defined on G , produces their unique analytic extensions on B. This fact is proved
in Theorem 4.1.
The Hilbert space of Taylor coefficients of the classH2χ (B) is unitary equivalent to the Hermitian dual F
∗ of the symmetric
Fock space F, generated by a complex Hilbert space H, in which G acts irreducibly and unitarily. The corresponding isometry
F∗ ' H2χ (B)
is established in Theorem 4.4.
A theory of Hardy spaces Hp with p ≥ 1 of infinitely many variables was advanced in [1]. Many Hardy type spaces on
infinite-dimensional Banach domains, which are important in applications, have been studied in [2,3]. The non-Hilbertian
Hardy space H∞ is a standard object of infinite-dimensional Complex Analysis and was a uniform algebra of analytic
functions. One was investigated in [4,5] and in many other publications. Using the Bishop–de Leeuw theorem about
representing measures, Hilbertian Hardy type classesH2, being reproducing kernel spaces, have been investigated in [6].
We refer for infinite-dimensional holomorphy to [5,7,8] and for invariant integration on topological groups to [9].
In what follows G will stand for a locally compact topological group having a left-invariant Haar measure χ. As
usual, L2χ denotes the space of all quadratically χ-integrable complex functions, defined on G , with the norm ‖f ‖L2χ =(∫
G
|f (y)|2dχ(y)
)1/2
and the scalar product 〈f | g〉L2χ =
∫
G
f g¯dχ , where f , g ∈ L2χ . We will also use the spaces Lpχ for
p = 1,∞.
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We everywhere suppose that G has a continuous left-invariant irreducible unitary representation
U: G 3 x 7−→ Ux ∈ L (H), Uxf (y) = f (x−1y), f ∈ H (1)
into the C∗-algebraL (H) of bounded linear operators on a complex separable Hilbert subspace
H ⊂ L2χ .
It is convenient to denote the scalar product and norm in H, as 〈ξ | ζ 〉H and ‖ξ‖H = 〈ξ | ξ〉1/2H with ξ, ζ ∈ H. In H we
consider an orthonormal basis{
ϕj ∈ H: j ∈ N
}
and denote
B := {ξ ∈ H: ‖ξ‖H < 1}, S := {ξ ∈ H: ‖ξ‖H = 1}.
Further we suppose that the codomain U(G ) = {Ux: x ∈ G } contains the cyclic subgroup T .
Let⊗n H = {ξ1 ⊗ · · · ⊗ ξn: ξ1, . . . , ξn ∈ H} be the n-folds tensor product of H endowed with the scalar product
〈ξ1 ⊗ · · · ⊗ ξn | ζ1 ⊗ · · · ⊗ ζn〉⊗nh H = 〈ξ1 | ζ1〉H . . . 〈ξn | ζn〉H
and let⊗nh H denotes the completion of⊗n H by the norm ‖ω‖⊗nh H = 〈ω | ω〉
1/2
⊗nh Hwithω ∈ ⊗
n
h H. Then the set {ϕi1⊗· · ·⊗ϕin :
(i1, . . . , in) ∈ Nn} forms an orthonormal basis in ⊗nh H. If s: {1, . . . , n} 7−→ {s(1), . . . , s(n)} runs through all n-elements
permutations, then the codomain of the orthogonal projector
sn:⊗nh H 3 ξ1 ⊗ · · · ⊗ ξn 7−→ ξ1  . . . ξn :=
1
n!
∑
s
ξs(1) ⊗ · · · ⊗ ξs(n),
called a symmetric Hilbertian tensor power of H, we denote bynh H. A symmetric Fock space is defined as the orthogonal
sum
F := C⊕ H⊕ (2h H)⊕ (3h H)⊕ . . .
with the scalar product and norm, respectively
〈ψ | ω〉F =
∑
n∈Z+
〈ψn | ωn〉⊗nhH, ‖ψ‖F = 〈ψ | ψ〉
1/2
F ,
where ψ =∑ψn, ω =∑ωn ∈ F and ψn, ωn ∈ nh H.We will use the short denotations
ξ⊗n := ξ ⊗ · · · ⊗ ξ ∈ nh H with ξ ∈ H,
(k) := (k1, . . . , kn) ∈ Zn+, |(k)| := k1 + · · · + kn, (k)! := k1! . . . kn!.
Consider the systems of elements
Φn =
{
ϕ
⊗(k)
(j) ∈ nh H: (j) ∈ Nn, (k) ∈ Zn+, |(k)| = n
}
,
Φ = {Φn: n ∈ Z+},
where we denote ϕ⊗(k)(j) := ϕ⊗k1j1  . . .  ϕ⊗knjn and ϕ⊗(k)(j) = 1 for all (j) if n = |(k)| = 0. As is known (see e.g. [10]), the
systemΦ forms an orthogonal basis (generally, non-orthonormal) in the symmetric Fock space F.
We choose
} ∈ S ∩ L∞χ .
Then each basis element ϕ⊗(k)(j) ∈ Φ generates the continuous Hilbert–Schmidt polynomial
G 3 x 7−→
〈
(Ux})⊗|(k)| | ϕ⊗(k)(j)
〉
F
= 〈Ux} | ϕj1 〉k1H . . . 〈Ux} | ϕjn 〉knH , (2)
which belongs to L2χ , Subsequently, we assume that an element } is fixed.
The closure in L2χ of the complex linear span of all functions (2), generated by Fock’s symmetric basis Φ (resp. by Φn),
will be denote byH2χ (resp. byH
2
n ).
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2. Orthogonality of Hilbert–Schmidt polynomials
In what follows we denote byL (·) the operator C∗-algebra over a Hilbert space.
Lemma 2.1. If the unitary representation U: G 3 x 7−→ Ux ∈ L (H) is irreducible then a unitary representation of the diagonal
form
U⊗n: G 3 x 7−→ U⊗nx ∈ L
(nh H) with U⊗nx := Ux ⊗ · · · ⊗ Ux
is also irreducible for any n ∈ N.
Proof. If a basis element ϕ⊗(k)(j) ∈ nh H with |(k)| = n satisfies the conditions 〈(Ux})⊗n | ϕ⊗(k)(j) 〉F = 0 for all x ∈ G then
〈Ux} | ϕj〉H = 0 at least for one index j ∈ {j1, . . . , jn} and for all x ∈ G .However, the G -orbit
{
Ux}: x ∈ G
}
is total in H via the
irreducibility of U, hence ϕj = 0 for this one j. As a consequence, ϕ⊗(k)(j) = 0,which is impossible. Therefore the orthogonal
complement G⊥n innh H to the subset
Gn :=
{
(Ux})⊗n = U⊗nx }⊗n: x ∈ G
} ⊂ nh H
does not contain any element of the system Φn, which forms an orthogonal basis in nh H. So, G⊥n = {0} and Gn is total in
the spacenh H. 
For now we will use that the unitary representation (1) is irreducible.
Lemma 2.2. For any ϕ⊗(k)(j) ∈ Φ with |(k)| = n the constants
ℵn :=
√
(k)!
n!
(∫
G
∣∣∣〈(Ux})⊗n | ϕ⊗(k)(j) 〉
F
∣∣∣2 dχ(x))−1/2 (3)
are dependent on an index n ∈ N and, in general, on } ∈ S but independent of indexes (j) ∈ Nn and (k) ∈ Zn+.
Proof. Check that the integral∫
G
〈
(Ux})⊗n | ψn
〉
F
〈(Ux})⊗n | ωn〉Fdχ(x), (4)
is a continuous Hermitian form onnh H, which is antilinear in ψn ∈ nh H and linear in ωn ∈ nh H. Let G n := G × · · · × G
and c := ‖}‖2L∞χ .We have∫
G
∣∣〈(Ux})⊗n | ψn〉F∣∣2 dχ(x) ≤ ∫
G
[∫
G n
∣∣}(x−1y1) . . . }(x−1yn) ψn(y1, . . . , yn)∣∣2 dχ(y1) . . . dχ(yn)] dχ(x)
=
∫
G n
[∫
G
∣∣}(x−1y1) . . . }(x−1yn)∣∣2 dχ(x)] |ψn(y1, . . . , yn)|2 dχ(y1) . . . dχ(yn)
≤ ‖ψn‖2F ess sup
y1,...,yn∈G
∫
G
∣∣}(x−1y1) . . . }(x−1yn)∣∣2 dχ(x)
≤ cn−1‖ψn‖2F ess sup
y1∈G
∫
G
∣∣}(x−1y1)∣∣2 dχ(x) ≤ cn−1‖ψn‖2F, (5)
since for the convolution
(
1G ∗ | } |2
)
(y1) =
∫ ∣∣}(x−1y1)∣∣2 dχ(x)with the identically unit 1G ∈ L∞χ on G , ∥∥1G ∗ | } |2∥∥L∞χ ≤
‖1G ‖L∞χ
∥∥| } |2∥∥L1χ = 1. It follows that∣∣∣∣∫
G
〈
(Ux})⊗n | ψn
〉
F
〈(Ux})⊗n | ωn〉Fdχ(x)
∣∣∣∣ ≤ cn−1‖ψn‖F‖ωn‖F
for all ψn, ωn ∈ nh H. Hence, the integral (4) is a bounded Hermitian form on nh H. Thus, there exists a bounded linear
operator An ∈ L
(nh H) for which
〈ωn | Anψn〉F =
∫
G
〈
(Ux})⊗n | ψn
〉
F
〈(Ux})⊗n | ωn〉Fdχ(x).
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We now show that An commutes with any
{
U⊗ny ∈ L
(nh H): y ∈ G }, i.e., that An ◦ U⊗ny = U⊗ny ◦ An. In fact, the left-G -
invariance of χ implies that〈
ωn | (An ◦ U⊗ny )ψn
〉
F
=
∫
G
〈
(Ux})⊗n | U⊗ny ψn
〉
F
〈(Ux})⊗n | ωn〉Fdχ(x)
=
∫
G
〈
(Uy−1x})
⊗n | ψn
〉
F
〈
(Uy−1x})⊗n | U⊗ny−1ωn
〉
F
dχ(x)
=
∫
G
〈
(Ux})⊗n | ψn
〉
F
〈
(Ux})⊗n | U⊗ny−1ωn
〉
F
dχ(x)
=
〈
U⊗n
y−1ωn | Anψn
〉
F
= 〈ωn | (U⊗ny ◦ An)ψn〉F .
On the other hand, Lemma 2.1 implies that the unitary representation
G 3 y 7−→ U⊗ny ∈ L
(nh H)
is irreducible. Consequently, by the known [9, Theorem 21.30] An is proportional to the identity operator 1nh H onnh H, i.e.,
An =
1nh H
ℵ2n
for some constant ℵ2n ∈ C,
which is dependent only on n ∈ N. Hence,
〈ωn | ψn〉F = ℵ2n
∫
G
〈
(Ux})⊗n | ψn
〉
F
〈(Ux})⊗n | ωn〉Fdχ(x). (6)
The basisΦ is not normalized in F (see e.g. [10, 2.2.2]) and we have
‖ϕ⊗(k)(j) ‖F =
√
(k)!
n! , n = |(k)| for all (j) ∈ N
n, (k) ∈ Zn+.
So, substituting in (6) that ψn = ωn = ϕ⊗(k)(j) with |(k)| = n, we obtain
(k)!
n! = ‖ϕ
⊗(k)
(j) ‖2F = ℵ2n
∫
G
∣∣∣〈(Ux})⊗n | ϕ⊗(k)(j) 〉
F
∣∣∣2 dχ(x)
for any (j) ∈ Nn, (k) ∈ Zn+. 
Further, for each element ψn ∈ nh Hwe correspond the complex function
ψ̂n: G 3 x 7−→ ψ̂n(x) := ℵn
〈
(Ux})⊗n | ψn
〉
F
with a fixed } ∈ S
and will study properties of the system
Φ̂ := {Φ̂n: n ∈ Z+} with Φ̂n := {ϕ̂(k)(j) : (j) ∈ Nn, (k) ∈ Zn+, |(k)| = n}
generated by the orthogonal basisΦ of the space F,where we denote
ϕ̂
(k)
(j) := ϕ̂⊗(k)(j) with ϕ̂⊗(k)(j) (x) = ℵ|(k)|
〈
Ux} | ϕj1
〉k1
H
. . .
〈
Ux} | ϕjn
〉kn
H
.
Lemma 2.3. For any element ψn ∈ nh H uniquely corresponds the function ψ̂n ∈ H2χ and the equality∫
G
ψ̂n ω̂ndχ = 〈ωn | ψn〉F , ψn, ωn ∈ nh H (7)
holds. The mapping
h:nh H 3 ψn 7−→ ψ̂n ∈ H2n (8)
is an antilinear unitary equivalence betweennh H andH2n .
Proof. Lemma 2.1 implies that the system{
(Ux})⊗n: x ∈ G
}
with a fixed } ∈ S ∩ L∞χ
is total in nh H. From this total property the one-to-one antilinear correspondence hcolonψn  ψ̂n directly follows. The
inequality Eq. (5) implies that if ψn ∈ nh H then ψ̂n ∈ H2n , as a function of x ∈ G . Since, (6) implies (7) we obtain that the
mapping (8) is isometric and surjective. 
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Theorem 2.4. The system Φ̂ forms an orthogonal basis in H2χ and the subsystem Φ̂n does so in H
2
n . If m 6= n then H2m is
orthogonal toH2n in L
2
χ and the orthogonal Hilbertian decomposition
H2χ = C⊕H21 ⊕H22 ⊕H23 ⊕ . . .
holds. The surjective mapping (which is an extension of (8))
h: F 3 ψ =
∑
n∈Z+
ψn 7−→ ψ̂ =
∑
n∈Z+
ψ̂n ∈ H2χ (9)
realizes an antilinear unitary equivalence between the Fock space F and the spaceH2χ . Moreover, the following equality holds∫
G
ψ̂ ω̂dχ = 〈ω | ψ〉F , ψ, ω ∈ F. (10)
Proof. Use our assumption that a unitary representation of G contains the cyclic subgroup T . The Fubini theorem implies∫
G
dχ(x)
∫ 2pi
0
〈
(eiϑUx})⊗n | ψn
〉
F
〈
(eiϑUx})⊗m | ωm
〉
F
dϑ =
∫ 2pi
0
dϑ
∫
G
〈
(eiϑUx})⊗n | ψn
〉
F
〈
(eiϑUx})⊗m | ωm
〉
F
dχ(x)
for any elements ψn ∈ nh H and ωm ∈ mh H since the integrand is continuous in the variables (eiϑ , x) ∈ T × G . However,
the right internal integral does not depend on eiϑ ∈ T . Taking into account that ∫ 2pi0 dϑ = 2pi , we obtain∫
G
ψ̂nω̂mdχ = ℵnℵm2pi
∫
G
dχ(x)
∫ 2pi
0
〈
(eiϑUx})⊗n | ψn
〉
F
〈
(eiϑUx})⊗m | ωm
〉
F
dϑ
= 1
2pi
∫
G
ψ̂nω̂mdχ
∫ 2pi
0
ei(n−m)ϑdϑ =
{
0 : n 6= m
〈ωn | ψn〉F : n = m.
Hence, ψ̂n ⊥ ω̂m in L2χ if n 6= m.
Let now |(k)| = |(l)| = n. Substituting in (7) ωn = ϕ⊗(k)(j) and ψn = ϕ⊗(l)(i) such that ϕ⊗(k)(j) ⊥ ϕ⊗(l)(i) in Fwe obtain∫
G
ϕ̂
(k)
(j) ϕ̂
(l)
(i)dχ =
〈
ϕ
⊗(l)
(i) | ϕ(k)(j)
〉
F
= 0.
Thus, ϕ̂(k)(j) ⊥ ϕ̂(l)(i) in L2χ and the system Φ̂n forms an orthogonal basis inH2n . By Lemma 2.3 h one-to-one maps the orthogonal
basis Φn of nh H onto the orthogonal basis Φ̂n of H2n . Moreover, h realizes an antilinear isometry between nh H and H2n .
Therefore, the mapping (9) realizes also an antilinear isometry. Finally, the equality (10) immediately follows from (7). 
Corollary 2.5. For any f =∑n∈Z+ fn ∈ H2χ with fn ∈ H2n the integral operators
fn(y) =
∫
G
Zn(x, y)fn(x)dχ(x), f (y) =
∫
G
Z(x, y)f (x)dχ(x), x, y ∈ G
with the reproducing kernels
Zn(x, y) :=
∑
{(k)∈Zn+:|(k)|=n}
∑
(j)∈Nn
n!
(k)! ϕ̂
(k)
(j) (y) ϕ̂
(k)
(j) (x),
Z(x, y) := 1+ Z1(x, y)+ Z2(x, y)+ · · ·
realize the identity mappings inH2n andH
2
χ , respectively.
In fact, from Theorem 2.4 it immediately follows that for any y ∈ G∫
G
ϕ̂
(k)
(j) (x)Zn(x, y)dχ(x) =
n!
(k)! ϕ̂
(k)
(j) (y)
∫
G
ϕ̂
(k)
(j) (x) ϕ̂
(k)
(j) (x)dχ(x)
= ϕ̂(k)(j) (y) for all ϕ⊗(k)(j) ∈ Φn.
Since Φ̂n forms an orthogonal basis inH2n , the kernel Zn realizes the identity mapping. Now, using that fn ⊥ Zm for n 6= m
in L2χ , we obtain for any y ∈ G
f (y) =
∑
n∈Z+
∫
G
Zn(x, y)fn(x)dχ(x) =
∫
G
Z(x, y)f (x)dχ(x).
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3. Analyticity in a Hilbert ball
In this section H can be any complex separable Hilbert space. Recall [7] that a complex function on a finitely open subset
of H is called Gâteaux analytic if all its restrictions to finite-dimensional affine subsets are analytic. If a Gâteaux analytic
function, defined on an open subset of H is norm continuous, it is called analytic.
Lemma 3.1. For each ξ ∈ H a Fourier decomposition of element ξ⊗n innh H by the orthogonal basisΦn has the form
ξ⊗n =
∑
{(k)∈Zn+:|(k)|=n}
∑
(j)∈Nn
n!
(k)!
〈
ξ⊗n | ϕ⊗(k)(j)
〉
F
ϕ
⊗(k)
(j) .
As an F-value function in the variable ξ ∈ B, the series
(1− ξ)−⊗1 := 1⊕ ξ ⊕ ξ⊗2 ⊕ ξ⊗3 ⊕ . . .
is an analytic function with the Fourier decomposition
(1− ξ)−⊗1 =
⊕
n∈Z+
∑
{(k)∈Zn+:|(k)|=n}
∑
(j)∈Nn
n!
(k)!
〈
ξ⊗n | ϕ⊗(k)(j)
〉
F
ϕ
⊗(k)
(j) .
Proof. Since ξ = ∑t∈N〈ξ | ϕt〉H ϕt , we have ‖ξ‖2 = ∑t∈N |〈ξ | ϕt〉H|2 . So, a Fourier decomposition has the form of the
series
ξ⊗n =
(∑
t∈N
〈ξ | ϕt〉H ϕt
)⊗n
=
∑
|(k)|=n
∑
(j)
n!
(k)!
〈
ξ⊗n | ϕ⊗(k)(j)
〉
F
ϕ
⊗(k)
(j) ,
which is convergent in nh H. The last assertion follows from the orthogonality of elements ϕ⊗(k)(j) in nh H and the equality
‖ξ⊗n‖F = ‖ξ‖nH. Now, using that ξ⊗n ⊥ ξ⊗m for n 6= m in F, we obtain
‖(1− ξ)−⊗1‖2F =
〈
(1− ξ)−⊗1 | (1− ξ)−⊗1〉
F
=
∑
n∈Z+
‖ξ⊗n‖2F =
∑
n∈Z+
‖ξ‖2nH =
1
1− ‖ξ‖2H
.
Thus, the series (1− ξ)−⊗1 =⊕n∈Z+ ξ⊗n is absolutely and uniformly convergent on F for all ‖ξ‖ ≤ 1− ε with ε ∈ (0, 1).
Hence, (1 − ξ)−⊗1 on B is analytic with the Taylor coefficients at the origin ξ⊗n, which are continuous n-homogeneous
polynomials in ξ ∈ H. Now it remains to substitute instead of the coefficient ξ⊗n its Fourier decomposition. 
The following assertion is immediately implied by Lemma 3.1 and has been proved earlier in [11].
Theorem 3.2. For any element ψ = ⊕n∈Z+ ψn ∈ F with ψn ∈ nh H corresponds a unique analytic extension (on the open
ball B)
ψ∗(ξ) := 〈(1− ξ)−⊗1 | ψ 〉
F
=
∑
n∈Z+
ψ∗n (ξ), ξ ∈ B
with the Taylor coefficients at origin
ψ∗n (ξ) :=
〈
ξ⊗n | ψn
〉
F
, ξ ∈ H.
Definition 3.3. Following [11], the Hilbert space of analytic functions in B
H2(B) = {ψ∗:ψ ∈ F} with the norm ‖ψ∗‖H2 = ‖ψ‖F,
we call a Hardy type space (generated by the symmetric Fock space F). The closed subspace
nh H∗ :=
{
ψ∗n :ψn ∈ nh H
}
⊂ H2(B)
we call a space of n-homogeneous Hilbert–Schmidt polynomials.
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4. The Hardy class in a Hilbert ball
Theorem 4.1. For any f =∑n∈Z+ fn ∈ H2χ with fn ∈ H2n the integral transform
C[f ](ξ) :=
∫
G
C(ξ , x)f (x)dχ(x), ξ ∈ B (11)
with the Cauchy type kernel
C(ξ , x) :=
∑
n∈Z+
ℵ2n〈ξ | Ux}〉nH, x ∈ G (12)
is a unique analytic extension in the open ball B with the Taylor coefficients at the origin
dn0C[f ](ξ)
n! = ℵ
2
n
∫
G
〈ξ | Ux}〉nH fn(x)dχ(x), ξ ∈ H. (13)
Definition 4.2. By Hardy space associated with a locally compact group G we mean the space of analytic functions
H2χ (B) :=
{
C[f ]: f ∈ H2χ
}
,
defined by the formula (11), with the finite norm
‖C[f ]‖H2χ := sup
r∈[0,1)
(∫
G
∣∣C[f ](rUy})∣∣2 dχ(y))1/2.
Proof of Theorem 4.1. Set ζ = Ux}. By Lemma 3.1 we have
C(ξ , ζ ) =
∑
n∈Z+
ℵ2n 〈ξ | ζ 〉nH =
∑
n∈Z+
ℵ2n
〈
ξ⊗n | ζ⊗n〉
F
=
∑
n∈Z+
ℵ2n
〈 ∑
|(k)|=n
∑
(j)∈Nn
n!
(k)!
〈
ξ⊗n | ϕ⊗(k)(j)
〉
F
ϕ
⊗(k)
(j) | ζ⊗n
〉
F
=
∑
n∈Z+
∑
|(k)|=n
∑
(j)∈Nn
n!
(k)! ϕ̂
(k)
(j) (ξ) ϕ̂
(k)
(j) (ζ ).
On the other hand, from Theorem 2.4 it follows that
h(ξ⊗n) =
∑
(j)∈Nn
∑
|(k)|=n
n!
(k)!
〈̂
ϕ
(k)
(j) | h(ξ⊗n)
〉
L2χ
ϕ̂
(k)
(j) .
Therefore, the last expression for Cwe can write down as follows
C(ξ , ζ ) =
∑
n∈Z+
∑
|(k)|=n
∑
(j)∈Nn
n!2
(k)!2 ϕ̂
(k)
(j) (ξ) ϕ̂
(k)
(j) (ζ )
〈̂
ϕ
(k)
(j) | ϕ̂(k)(j)
〉
L2χ
= 〈h ◦ (1− ζ )−⊗1 | h ◦ (1− ξ)−⊗1〉L2χ .
By Theorem 2.4 ‖h‖ = 1 and∣∣∣〈h(ζ⊗n) | h(ξ⊗n)〉L2χ ∣∣∣ ≤ ‖h(ζ⊗n)‖L2χ ‖h(ξ⊗n)‖L2χ ≤ ‖h‖2‖ζ‖nH‖ξ‖nH,
applying now that ‖ξ‖H < 1 and ‖ζ‖H = 1 we obtain∣∣∣〈h ◦ (1− ζ )−⊗1 | h ◦ (1− ξ)−⊗1〉L2χ ∣∣∣ ≤ 11− ‖ξ‖H <∞.
Thus, C(ξ , ·) is an analytic L2χ -valued function in ξ ∈ B. For any f ∈ L2χ the linear functional
F : L2χ 3 g 7−→
∫
G
fgdχ
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is continuous. Since C[f ](ξ) = F ◦ C(ξ , ·), the function C[f ] determined by the formula (11) is analytic by ξ ∈ B in view
of [7, Proposition 3.1.2]. Differentiating at the origin, we obtain
dn0C[f ](ξ)
n! =
∫
G
ℵ2n
〈
ξ⊗n | (Ux})⊗n
〉
F
fn(x)dχ(x) = C[fn](ξ), ξ ∈ B.
By the Cauchy–Schwarz inequality, for all ξ ∈ H
|C[fn](ξ)| ≤ ℵ2n
∫
G
∣∣〈ξ⊗n | (Ux})⊗n〉F fn(x)∣∣ dχ(x) ≤ ℵ2n‖ξ‖nH‖fn‖L2χ .
Hence, any element fn ∈ H2n has a unique continuous extension to a n-homogeneous polynomial C[fn] defined on H, which
takes the form (13). As is known [7, Proposition 2.4.2], continuous Taylor coefficients uniquely define the analytic function
C[f ] on B. So, uniqueness of the analytic extension C[f ] is proved. 
Corollary 4.3. The commutative diagram
F 3 ψ ∗−−−−→ ψ∗ ∈ H2(B)
h
y y
H2χ 3 ψ̂ := f C−−−−→ C[f ] ∈ H2χ (B)
(14)
uniquely defines a linear isometryH2(B) ' H2χ (B).
Proof. FromTheorem2.4 it follows that h−1:H2χ 3 f 7−→ h−1(f ) ∈ F realizes a surjective isometry. Applying the orthogonal
properties fn ⊥ fm in L2χ and h−1(fn) ⊥ h−1(fm) in F, we obtain
‖C[f ]‖2
H2χ
= sup
r∈[0,1)
∑
n∈Z+
r2n‖fn‖2L2χ =
∑
n∈Z+
‖fn‖2L2χ ,
=
∑
n∈Z+
‖h−1(fn)‖2F = ‖h−1(f )‖2F = ‖[h−1(f )]∗‖2H2 .
Hence, the norm ‖C[f ]‖H2χ is finite for any f ∈ H2χ and the diagram (14) uniquely defines the mappingH2(B) 3 ψ∗ 7−→
C[ψ̂] ∈ H2χ (B)which realizes the required linear isometryH2(B) ' H2χ (B). 
Uniting the previous statements we also have proved the following.
Theorem 4.4. The following is an antilinear surjective isometry
(C ◦ h): F 3 ψ 7−→ C[ψ̂] ∈ H2χ (B).
5. A finite-dimensional case
Let now G be the full unitary compact group of linear transformations over the complex space H = Cm, (m ∈ N) with
the probability Haar measure χ. Then, as is well known [12, 1.4.9], for each ϕ⊗(k)(j) ∈ Φn with |(k)| = n the equalities
ℵ2n =
(k)!
n!
(∫
G
∣∣∣〈(Ux})⊗n | ϕ⊗(k)(j) 〉
F
∣∣∣2 dχ(x))−1
= (k)!
n!
(m− 1+ n)!
(m− 1)!(k)! =
(m− 1+ n)!
(m− 1)!n!
hold for all } ∈ S. Moreover, in this finite-dimensional case the constant ℵn is not dependent on } ∈ S, since the measure χ
is G -invariant and the mapping G 3 x 7−→ Ux} ∈ S is surjective on S (see [12, 1.4]). Theorem 4.1 directly implies that the
reproducing kernel Z(x, y) of identity mapping onH2χ has the knownm-dimensional Cauchy type analytic extension
C(ξ , x) = 1
(1− 〈ξ | Ux}〉H)m =
∑
n∈Z+
(m− 1+ n)!
(m− 1)!n! 〈ξ | Ux}〉
n
H
by the variable ξ = rUy} ∈ B with 0 ≤ r < 1, y ∈ G . Moreover, the isometric surjective mappings (8) and (9) take the
forms
h:nh H 3 ψn 7−→ ψ̂n ∈ H2n ,
h: F 3 ψ 7−→ ψ̂ ∈ H2χ , ψ =
∑
n∈Z+
ψn,
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where we denote
ψ̂n(x) =
[ (m− 1+ n)!
(m− 1)!n!
]1/2 〈
(Ux})⊗n | ψn
〉
F
, ψ̂ =
∑
n∈Z+
ψ̂n.
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